EQUIVARIANT EULER CHARACTERISTICS OF 
DISCRIMINANTS OF REFLECTION GROUPS 



GRAHAM DENHAM AND NICOLE LEMIRE 

Abstract. Let G be a finite, complex reflection group acting on a 
complex vector space V, and S its disciminant polynomial. The fibres of 
S admit commuting actions of G and a cyclic group. The virtual G x Cm 
character given by the Euler characteristic of a fibre is a refinement of the 
zeta function of the geometric monodromy, calculated in [^. We show 
that this virtual character is unchanged by replacing 5 by a slightly more 
general class of polynomials. We compute it explicitly, by studying the 
poset of normalizers of centralizers of regular elements in G, and the 
subspace arrangement given by the proper eigenspaces of elements of 
G. As a consequence we also compute orbifold Euler characteristics and 
find some new "case- free" information about the discriminant. 



1. SUMMARY 



Let G be a finite reflection group acting on the vector space V = C 
Let A denote the set of reflecting hyperplanes of G. For each H ^ A, let 
an €V* he a hnear functional with kernel H. The discriminant polynomial 
5 of G is defined to be 

where en is the order of the subgroup of G that fixes H pointwise. 6 is the 
G-invariant polynomial of smallest degree whose zero set is exactly the set 
of reflecting hyperplanes. Let m = deg5. 



The flbres of 6 over C* are diffeomorphic, by a theorem of Milnor |15]; 
let F = 6~^{1), the Milnor fibre of 6. The action of G on V restricts to an 
action on F. At the same time, a cyclic group Gm acts on F, generated by 
a geometric monodromy map h : F ^ F defined by h{x) = e^'^*/'"x. 

The actions of G and Gm commute. Let T = G x Gm- Then H,{F, C) is a 
finite-dimensional representation of L. In this paper, we consider the Euler 
characteristic of F, valued in the character ring of T. That is, we define a 
virtual character xr by 

(LI) xr{F){9) = Y^i-lTTv {g, H,{F, C)). 

p>0 
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This is a refinement of the usual zeta function of the monodromy of the 
Milnor fibre, which Denef and Loeser have calculated for all reflection 
groups. Their technique uses Springer's theory of regular elements |19]: 
g € G is called a regular element of G iff it has an eigenvector that is not 
contained in any reflecting hyperplane. 

In particular, Springer |T9[ | has shown that the centralizer of a (noncentral) 
regular element in G acts as a reflection group on a (proper) subspace of V. 
Using this idea and its elaboration in [RO], we flnd a recursive formula for 
the Euler characteristic xr (Theorem |3.13[ ). 

For a fixed reflection group G, let Mq = M = V — Uh^aH be the 
hyperplane complement, and U its image in P{V). These spaces have been 
studied extensively in the context of hyperplane arrangement theory; see, 
for example, |13]. On the other hand, let £ denote the set of all maximal 
eigenspaces E of elements of G for which E C^V. Let 

(1.2) M° = V - \J E, 

and U° the image of M° in P(y). U° is the complement of a projective sub- 
space arrangement, in the sense of Bjorner and to the authors' knowledge 
has not been studied directly before. 

G/Z{G) acts freely on U°. We flnd a formula for the Euler characteristic 
of the orbit space in terms of degrees, codegrees, and regular numbers ( [4.22| ), 
and we calculate it for each irreducible G (Theorem 3.15 ). We show that 
this determines xr for each G (Theorem |3.13| ) . 



2. Springer's Theory of regular elements 

In this section, we recall the theory of regular elements and set up our no- 
tation. We refer to [p!^] f or background on reflection groups and hyperplane 
arrangements and to |19|] for background on the theory of regular elements. 

Let V = and let G be a flnite reflection group acting on V. We 
will denote by C[V] the algebra of polynomial functions on V. The degrees 
di, . . . ,d£ of G are the degrees of any set of homogeneous polynomials which 
generate the G- invariant polynomial ring C[y]'^. The order of G and of its 
centre Z{G) are determined in terms of its degrees: 

e 

(2.3) \G\=lld^ \Z{G)\ =gcd {di} 

i=l 

A vector v V is called regular if it is not contained in a reflection 
hyperplane of G. An element g € G is called regular if it has a regular 
eigenvector. Let 5 € G be regular of order d. Let u be a regular eigenvector 
with corresponding eigenvalue ^ and let V{g, ^) denote the ^-eigenspace of 
g. We will refer to {g, ^) as a regular {d-)pair. 

With this notation, we have: 



Theorem 2.4 (Springer |jT9|). 
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(a) The root of unity ^ has order d. 

(b) V{g,£) has dimension a{d) = \{i : d\d.i}\. 

(c) The centralizer Ccig) is a reflection group in V{g,£,) whose degrees are 
{di : d\di} and whose order is Hdld ^i- 

The orders of the regular elements of G are called the regular numbers of 
G. Let TZ denote the poset of regular numbers, ordered by divisibility. 

The group G < GL(y) also acts naturally on the algebra of polynomial 
vector fields on V, C[V] (g) V. The module {C[V] ® V)'^ is free over C[V]'-'. 
Following IQ], the codegrees dl, . . . are defined to be the degrees of a 
homogeneous basis, with the convention that derivations have degree — 1. 
By a theorem of Orlik and Solomon p 



(2.5) dim/f^C/, C)f = J|(l + {d* + l)t) 

1=1 i=2 

Using a case-based argument, Denef and Loeser |8|, Theorem 2.8] proved 
that, for a regular d-pair {g,C), the codegrees of Ccig) acting on V{g,^) are 

(2.6) {d* : d\d*} 



Lehrer and Springer [14, Theorem C] later reproved this result in a case- free 
way. 

3. EULER CHARACTERISTICS 

Following [||, for each G-orbit of hyperplanes C G A/G, set 

= n 

Hec 

where ec is defined to be the common value of en for all H £ C. noting 
that en is constant for all H £ C. Consider any homogeneous, G-invariant 
polynomial / G C[y]*^ with zero locus equal to U^g_^ Then / has the 
form 

(3.7) /= n 

C&A/G 

for some positive integers ac\ in particular, the discriminant is obtained by 
choosing all ac = 1- We shall call such / unreduced discriminant polynomi- 
als. 

Denote the degree of / as above by m. Then f{gv) = f{C,v) = f{v) for 
any regular element g with eigenvalue v, so the order of Q must divide m. 
That is, all regular numbers d £ TZ divide m. 

Let F = /~^(1). Let P = 7ri(M, 1), the pure Artin braid group corre- 
sponding to the group G. Since F is homotopy-equivalent to an infinite 
cyclic cover of M, we have H.{F,C) ^ H.{M,C[t,t-^]), where C[t,t-'^] ^ 
C T^^(p) as a P-module; see |9|, Section 2.1] and |10]. Explicitly, P has a set 



of generators {jh '■ H € A} for which 7// acts by multiplication by t°"^ 
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The complement M is known to be a K{P, 1) space for all irreducible 
reflection groups with the possible exception of G24, 6*27, G29! G'31, G33, and 
G34; see |, (2.11)] for references. Thus we have H.{F, C) ^ H.{P, C[t,t-^]) 
except perhaps in these cases. Let B = 7ri(M/G, 1), the braid group. Then 
H.{P, C[t^^])^ ^ H.{B,C[t^'']) (over C). For ah real reflection groups, this 
is computed explicitly in [^. 

The Lefschetz zeta function of F is defined to be 

Z(F) = [] det(l - M|/f,(F,c))^-'^', 

p>0 

where h* denotes a preferred generator of Cm acting in homology. Since 
a complex representation of Cm is determined by the characteristic poly- 
nomial of a generator of the group, the zeta function can be seen as the 
restriction to Cm of the Euler characteristic xr(-^) defined in ( |1.1| ), written 
multiplicatively. We will identify Cm = {h*) with the cyclic group of m 
elements in C*. For convenience, we will take the convention that a £ Cm 
acts on F by multiplication by a~^. 

For a reflection group G and integers d\m, define 

Id{G) =Id = l Tg^™ 

whenever Cd is a cyclic subgroup of order d generated by a regular pair {g, () 
of order d. 

Lemma 3.8. The cyclic groups generated by any two regular pairs of the 
same order are conjugate in T. In particular, the definition of Id{G) above 
does not depend on the choice of regular pair (g, (). The normalizer in T of 
the cyclic subgroup generated by {g,S,) € F is Ccig) x Cm- 
Proof. Let {g, C) and {g', ^) be two regular pairs of order d, generating cyclic 
groups K and K', respectively. Since any two primitive roots of unity of 
the same order generate the same cyclic subgroup of C*, ^ = C'^ for some 
k. Then {g^,0 is also a regular pair of order d, so g^ and g' are conjugate. 



by ||19|, 4.2]. It follows that the subgroups K and K' are conjugate. Id{G) 
is well defined since the permutation characters induced from K and K' are 
the same g 10.12]. Since (/i,a) G iVr((9,0) iff {hgh-\a) = {g^.i^) for 
some iff /i G Ccig), a G Cm, we have that Nr{{{g,^))) = Ccig) x Cm- 

I 

The following theorem appeared independently as Theorem 2.5] and 
H, Corollary 5.8]. 

Lemma 3.9. If {g, (") is a regular pair and V is the C,-eigenspace of g, then 
the centralizer C{g) acts as a reflection group on V. Its reflecting hyper- 
planes are {H nV : H € A}. 

Definition 3.10. For a regular d-pair {g,C), we define U{g,C) as the pro- 
jective hyperplane complement for Ccig) acting on V{g, C) where {g, C) is a 
regular d-pair. 



EQUIVARIANT EULER CHARACTERISTICS FOR REFLECTION GROUPS 



5 



From Lemma |3^, Cdg) is conjugate to Ccig') if (gX) and {g',C) are 
both regular d-pairs. This means that they are isomorphic as reflection 
groups, and we will refer to them, up to isomorphism, as G{d), as in |14|. 

By the lemma above, then, U {g, Q and U {g' , ^) are diffeomorphic; we will 
refer to them as Ucid). 



Definition 3.11. Define a poset P = Dq by 

V = {d : d = \Z{CG{g))\ for a regular element g} , 

ordered by divisibility. That is, D is the set of orders of regular elements g 
that are maximal with respect to the property of having a given centralizer. 
For elements d € TZg, define [d] to be the least multiple of d in V. 

Note that {G{d) : d € V} forms a complete set of representatives of the 
isomorphism classes of centralizers of regular elements. 

Recah M° C M from ([L2|) , and U° C U. By construction. 

Proposition 3.12. G/Z{G) acts freely on U° . 

We can now state our main result. 

Theorem 3.13. Let G be a reflection group, f an unreduced discriminant 
polynomial ( |3.7|) of degree m, and F its Milnor fibre. Then 

Xr{F) = ^adh, 
dev 

where the integers are given by 

(3.14) ad = x{U{dr/G{d)) 

A case analysis gives a more refined description. First, Xt-{F) is zero 
unless G is irreducible, since x{U) = in this case: this appears first in 
the language of matroids in j^. Denef and Loeser |8|, 2.9] show that the 
centralizers of regular elements in irreducible G are themselves irreducible. 
With this in mind, it is enough to calculate az = x{U° /G), where z = 
|Z(G)|, for each irreducible G. We obtain: 

Theorem 3.15. For an irreducible reflection group G of rank n, x{U° /G) = 
(-1)"-^ ifG is in the list below. Otherwise, x{U°/G) = 0. 

(a) Irreducibles of rank < 2; 

(h) Irreducibles of the form G{dei, el, i), except G{3, 3, 3); 

(c) G{de£,e£,2i) where ei is odd; 

(d) Exceptionals G29 and G34. 



Corollary 3.16. For a Milnor fibre of a given reflection group as above, 
Xr is a linear combination of at most six permutation characters Id, with 
coefficients ±1. 
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The value of xr for each irreducible reflection group is tabulated in Sec- 
tion |. 

We also observe empirically that, like the zeta function, xr continues to 
be a braid diagram invariant, in the sense of Broue, Malle, and Rouquier [^. 

Example 3.17. Let G be the irreducible reflection group of type Eg- The 
degrees are [2, 8, 12, 14, 18, 20, 24, 30] and the poset V is: 




By the Shephard-Todd classification, the centralizers of elements of order 
4 and 6 are, respectively, G31 and G32. Applying Theorems 3.13 and 3.15 
shows that 

XEgxCrn = ho + h4 + ho - h2 - ho — h- 



The rest of this paper is as follows. Theorem p.l3| is proven in Section ^. 
Theorem 3.15 is proven in Section |6[ We are unable to provide a case-free 
proof of Theorem 3.15 in general, although in Section |5| we do so for rank 2 
irreducibles. 



4. Proof of Theorem ^3.13 



Throughout this section, fix a particular reflection group G acting on 
V = C^. We will use the notation of Section ^ 

For a regular element (7 € G of order d, let icid) be the order of its 
centralizer, and let udd) be the Euler characteristic of U{d). Then i{d) = 
T\d\d^ (Theorem |2.4| ). By evaluating (2^) at i = — 1 and using ( |2.6D , we 
see =nd|d*,»>i(-dr)- 

If {g^ Q is a regular pair of order d, then by [^, 3.4], there is a regular pair 
(/i,C) of order [d] for which C{g) = C{h) (and, hence, U{gX) = U{hX)). 
It follows that i{d) = ([d]) and u{d) = n([(i]). 

For {g,C) G G X Cm, it follows from a refinement of the Hopf-Lefschetz 
fixed point theorem ^ that 

Xr{F){g,C) = x{F^'''^^) = degi5)-x{U{g,C)) 



(4.18) 



m • ti([d]) if {g, C) is regular of order d; 
otherwise. 



Lemma 4.19. There exist rationals {a^ : d € V} for which 

(4.20) Xr = Yl ''dh- 

dev 
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Proof. We claim that, if 1^ is induced from a regular pair {g, of order d, 
then 



(4.21) ldih,0 



^ \C{h) I if (/i, e) is regular of order d' , d'\d; 
otherwise. 



This follows by directly evaluating the induced character and using Lemma 3.S 
Ici{h,Cj is nonzero only if {h,S) is conjugate to a power of {g,C)i the gen- 
erator of Cd, which is equivalent to (/i, ^) being a regular pair of an order 
dividing that of g. 

Define an equivalence relation on G x Cm by setting (g, Q ~ (h, ^) iff 
either: neither is a regular pair; or, both are regular pairs, and [5] = [/i] . 
The equivalence classes of ~ are unions of conjugacy classes. Moreover, 



( [4.2l| ) shows that each 1^ is constant on classes of ~. 

The characters span the Q-vector space of functions that are both 
constant on ~ classes and zero on the nonregular equivalence class, since 



their values on the regular pairs form a triangular matrix, by ( 4.21 ) 



By ( |4.18| ), xr is such a class function, which completes the proof. | 



4.1. coefHcients ad from (co)degrees. By evaluating (4.20) on a regular 
pair of order d (z V, we obtain 

m 



m-u{d)= ^ ak—i{d), 



keV:d\k 

whence by Mobius inversion, 

(4.22) a, = dY^Kd.k)^, 

d\k ' 

= dY,Kd,k) n d* n 

d\k i--d\d* i:d\d, 

where /i is the Mobius function of the poset T). 

Remark 4.23. Any rational character of a finite group can he expressed as 
a rational linear combination of induced permutation characters from cyclic 
subgroups by the Artin-Brauer induction theorem [^, 15.2]. The coefficients 
can be determined and are non-zero only if the character is non-zero on that 
cyclic subgroup. In our situation, however, the cyclic subgroups Cd, d € T) 
are representatives of isomorphism classes (hence a subset of the set) of 
cyclic subgroups of T with xr{F) non-zero. Our argument above is then a 
direct way to compute the coefficients a^, d ^T) for our special case. 

4.2. induction from a centralizer subgroup. Given a regular element 



50 G G of order e € let = Cg(5o)- From |T|, 4.2], and Definition |3T1 
we observe: 



Lemma 4.24. The maximal regular numbers of H are T>h = {d S Vq ■ e\d}. 
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By Lemma 4.19 



XHxC^ = ^ aJd{H), and 

XGxCm = XI "'^^'^ 
for some coefficients {a^}, and {ad}. 

Theorem 4.25. If G and H are as above, and m'\m, then 

.QxC \ — ^ T 

XGxCm = XHxC^ ^HxcZ> + 

deV-.e \/d 

Consequently, in the notation above, = a'^ for all d £ T>h- 

Proof of theorem. We need to show that the values given by equation 
(|]2|) for deVn are the same in H as they are in G. Specifically, we need 



to show for multiples k of e, that icik) = inik), and that ucik) = UH{k). 

So suppose that g & H is a. regular element of order k, where e\k. Then 
go is conjugate to a power of g, so Ccig) ^ Gc{go) = H; that is, Ccig) = 
Cnig), so icik) = iuik). 

Now assume, without loss of generality, that g = g^ for some r, and 
choose C, so that {g, Q) is a regular pair. Then the C, eigenspace of g in Vq is 
contained in V^, so Uc{g,C) = Unig^O (Lemma |3.9|.) Then ucik) = unik) 
as well. I 



4.3. interpretation of coefHcients a^. For d gV, let = FnVa, where 

Vd=f] /r^o), 

d 

the variety of eigenvectors of elements of g having eigenvalue a primitive dth 
root of unity; see |19, 3.2]. In particular, = F, where z is the order of 
the centre of G. Let 

FS = Fd- U Fd'. 



d\d' 



The following lemma is standard. 



Lemma 4.26. Suppose X <^ M is a smooth embedding of complex mani- 
folds without boundary and X is closed in M . Putting U = M — X , we 
have 

x{X)+x{U)=x{M). 
Furthermore, if a finite group G acts on M so that GX = X, we have 

Xg{X)+xg{U) = Xg{M). 
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Proposition 4.27. For any d ^V, 

d\d' 

Proof. Use induction on the dimension of Fd- If minimal, F^ = F^ and there 
is nothing to prove. Otherwise, we have 



Fa = FSu[j F^, 



d\d' 
d'jtd 



= U U Fd> 

d')~d 

where 'V' denotes the covering relation in the poset and all of the 



unions are disjoint. The proof is completed by applying Lemma 4.26 and 
the induction hypothesis to the second equality. | 



To complete the proof of Theorem 3.13| , it remains to show that the 
coefficients given by Lemma 4.19 satisfy = x{U{g,C,)° /Cg^q)) for 
regular pairs (g, Q of order d £ V. 



Let z = \Z{G)\. From Proposition 3.12, the quotient map F° U°/G is 
a covering with deck transformation group G x Cm/ {(9,0): where (g,C) is 
any regular z-pair. It follows that 



xiU°/G)-h. 



By Theorem [4.25| , then, for each d £ V, 

XriFS) = x{U{dr/G{d))h, 
Now, using Proposition ^.27| with d = z, we have 

Xr{F) = 5]xr(F,°) 
dev 



dev 



equating the coefficient of Id for each d gives the characterization of the 
values ad that we claimed. 



5. The rank two case 



For finite groups acting on C^, a stronger version of Theorem p. 15 



a IS 



obtained from the theory of du Val singularities, for which we refer to |Tl| 
Theorem 5.28. Let G he an irreducible finite subgroup ofU2{C). Then 

x{Uh/G) = -1. 
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Proof. Note that a finite subgroup G of GLi{Q) can always be embedded 
in Ui{C). Let Z := Z{Ui{C)) = {al : aa = 1}. Let H ■.= {G-Z)r\ SUi{C); 
then Z{H) = H D SUi{C). It is easy to check that the map G/Z{G) 
H/Z{H) defined by gZ{G) ^ g{dei{gY'^)Z{H) is an isomorphism; therefore 
G and H are both central extensions of the same group H. Then G and 
H act on and H acts on P^~^. Proper eigenspaces for the action of G 
on are the same as those for H. Moreover, if v is an eigenvector for an 
element /i G i7 , its image [v\ € p^~i is a fixed point of hZ{H) G H. 

Now, let 1 = 2. Note that for G < C/2(C), there exists a reflection group 
G' < [/2(C) with H = G/Z{G) ^ G'/Z{G'). Then = PVG ^ 

pi/G" = P^ where the last isomorphism follows from the Shephard Todd 
Chevalley theorem. 

Since PSL2{C) = SO3, H is isomorphic to a finite subgroup of SO3. The 
finite subgroups of SO^ are known: they are the groups of symmetry of the 
regular polyhedra: cyclic, dihedral, tetrahedral (A4), octahedral (S'4) and 
icosahedral (A5). Since G was assumed to act irreducibly, H is not cyclic. 
For the remaining finite subgroups of SO3, Klein |12| showed that there 
are exactly three orbits of points in S'^ of points with nontrivial stabilizers 
(corresponding to vertices, barycenters of edges of the regular polyhedron, 
and barycenters of faces.) Since P^/G = P-*^, it follows that Uq/G = P^ — 
{P0)Pi)P2}, where the piS are the 3 "special" orbits under the action of H 
on Pi. Thus x{U^/G) = 2 - 3 = -L | 



6. Proof of Theorem t3.15| 

The Shephard- Todd classification of irreducible (complex) reflection groups 
consists of one infinite family and 34 exceptional groups labelled as G4, . . . , G37. 
The tables in Figures give xr for the exceptional groups; these values 
are readily calculated from (|4.22 ). 

For any reflection group G, put c(G) = x{U° /G). From Theorem 3.13 , 



this equals the coefficient of I\z{G)\ ™- Xr- By Theorem |4.25| , for d £ V, the 
coefficient of Id is c{G{d)). 

Theorem 3.15 claims that for exceptional irreducible G, c{G) = unless 
G has rank ^ = 2 or G is one of G29 or G34, in which case c(G) = (—1)^"^. 
Our proof in ranks £ > 2 is by inspection, after having computed xr foi^ 
each group. 



The rest of this section is devoted to proving Theorem 3.15 for the infinite 
family of reflection groups G{r,p,i). 



6.1. (co)degrees and regular numbers. For r, p G N with p\r and rank 
£ > 2, G{r,p,£) is a group of order r^/p£\. It is the semidirect product 
of the symmetric group Si acting by permutations on the standard basis 
{ci : 1 < i < i}, and the group of diagonal maps Cj ^ ^jCj, where O'- = 1 
and (^1 • • • Oi)'^ = 1 where q = r/p. The group acts irreducibly on iff r > 1 
and {r,p, £) / (2, 2, 2). G(r, 1, £) is the full monomial group G^ x Si and that 
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the Weyl groups Ai_i, Bp^Dp, G2 and the dihedral groups /2(^) equal respec- 
tively G(1,1,£),G(2,1,^),G'(2,2,^),G(6,6,2) and G{l,l,2). The codegrees 
are calculated in and the regular numbers appear in Q. The degrees 
of G{r,p, £) are 



(6.29) 



r, 2r, . . . ,{i — l)r, £q, p\r, r > 1 
2,3... ,{£-!), £, p = r = l. 



the order of the center z is ggcd(r, £). The codegrees are 
(6.30) 



0,r,2r, ... ,{£-l)r, 
0, r, 2r, . . . ,{£- 2)r, 1 
0,1,2,... ,{£-2), 



1 r 



p < r 
£ p = r > 1,£ > 1 
p = r = 1,£ > 2 



Note that the adjustments in the degrees and codegrees of G(l, 1,£) 
are made so that Si acts irreducibly. 



Si 



Remark 6.31. Since the degrees and codegrees ofG{d) are those ofG which 
are divisible by d, we see for G = G{r,p,£) and e = {gcd{d,r))~^d, the 
degrees of G{d) are 



(6.32) 



er,2er, ... , [^\er, d f £q 
er,2er, ... , \J^\er,£q, d\lq 
2,3,... ,£, d = r 



as noted in |lj]. Lehrer and Springer prove indirectly in |14, 5.2] that G{d) = 
G{r' ,p' ,£') for G = G{r,p,£) and d ^IZ. In the proposition below we make 
the determination of G{d) explicit to help in our computation of c{G). 



Proposition 6.33. 

(a) For G = G{r,p,£), q = r/p > 1, we have TZ = {d : d\£q} and V = 
{kq : t\k\£} where t = gcd(p, £). Then for kq € V, G{kq) = G{kr/t,p, £t/k). 

(b) ForG = G{r,r,£), £>l, we have TZ = {d : d\£q} U {d : d\{£ - l)r} and 

V = {kr : k\£ - 1} U {d : z\d\£} 

where z = gcd(r, £). For k\£ — l,kr ^ z, we have G{kr) = G{kr, 1, {£ — 
l)/k) and for z\d\£, we have G{d) = G{dr / z,r,£z/ d). 

Proof. In each case, let z = |Z(G)|, equal to the greatest common divisor of 
the degrees. In the first case, z = gcd{pq,£q) = tq, where t = gcd(p, £). In 
the second case, this is just z = gcd(r, £). 

Case (a): For G = G{r,p,£) with q > 1, the only maximal regular degree 
of G is £q IQ, 2.11]. Thus the set of regular numbers are TZ = {d : d\£q}. If 
d G V, then d is a gcd of a subset of the degrees. So qt\d, since z = qt is the 
gcd of all the degrees. To show that 



V = {kq: gcd{p,£)\k\£} 
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we need to show that G{d) are distinct for distinct d in this set. Observe 
that if gcd(p, £)|A;|^, then gcd(p, k) = gcd(p, £). But as is imphcitly shown in 
the proof of 5.2] we have for t\k\i, 

G{kq) = G{kr/t,p,et/k) 

So we have shown that T> and G{d), d £ T> are described as in the claim. 
Case (b): For G = G{r,r,i), with I > 1, the maximal regular degrees are 
{i — l)r and £ 2.11]. So the set of regular numbers is 

n = {d : d\£} U {d : d\ii - l)r} 

For d £ V, z = gcd(r, £), and z\d since d is the gcd of a subset of the 
degrees, li d £ V does not divide i, then d\ {£ — l)r and d is a gcd of a subset 
of {r, . . . — l)r} so that r\d. We have shown that P C Ti U T2, where 

(6.34) Ti = {d: z\d\£} and T2 = {kr : k\i - 1} . 

Note that these sets intersect iff gcd(r, ^) = r, iff r\i. To show the inclusion 
is an equality, we have to show that G{d) are distinct for distinct d G Ti\JT2. 



If d € Ti, we have gcd(r, d) = gcd(r, £) = z, so that by the proof of [14, 5.2], 
G{d) = G{dr/z,r,£z/d). 

On the other hand, d = kr where k\£ — 1 but d ^ z, we have by the 



proof of |14, Prop. 5.2] that G{kr) = G{kr,l,{£ — l)/k). These groups 
have distinct parameters for each d G Ti U T2, so P = Ti U T2 as claimed. 

I 

6.2. Proof of Theorem |37T5| for Gjr, p, £) . It remains to show that c(G) = 
for irreducible G = G{r,p,£), except for the parameters {de£,e£,£) ^ 
(3, 3, 3), and for {de£, e£, 2£), where e£ is odd. For these exceptions, we show 
c(G) = (-1)^-^ It will be convenient to let 5(m, A;) = l/mJ2d\m l^id){-'^)""^^^~^ , 
where fi is the (number-theoretic) Mobius function on N. 



Lemma 6.35. 

171=1, or m = 2 and k odd 
otherwise. 



S{m, k) 




Proof. Recall that J2d\mf^id) = 6m,i- Consider the case where k is odd and 
m even. Write m = 2^t for t odd. Then 

S{m,k) = E '"(^)+ E /^(^) 

\ d\m,m/d even d\m,m/d odd 



\ d\m/2 d\m,2''\d 



^m,2 — —5m.2- 

m 



The remaining cases are similar. 
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At the same time, we will calculate xr- 

Proposition 6.36. Let T = G x Cm and m = deg((^G)- Then 
(a) For G = G{r,p,i) and q = r/p > 1, 



liq, £ odd; 

Xr = < —hg, ^ and p even; 

hq — Iqi/2) ^ even, p odd. 

(b) For G = G{r, r, £), and i > I, 
( 



XT 



I, 



£ odd; 
r, I even; 
I even, r odd. 



J{e~i)r + h - h/2 

Proof. We will handle Cr as the special case G(r, 1, 1) of (a) and Si as the 
special case G(l,l,£) of (b). Recall that n = rk(G(r,p,^)) = £ unless 
r = p = 1 when n = rk(G(l,l,^)) =1 — 1 since G(l,l,£) = 5^ acts 
irreducibly on an ^ — 1 dimensional space. 

(a) For G = G{r,p,£), p < r, we have 

V = {kq: t\k\£} 
where t = gcd{p,i) and for t\k\£, G{kq) = G{kr /t,p, £t/k). So 

u{kq) 



c{G) = atq = tq^n{tq,kq)- 
tq 



tqlkq 

^yz^km-if/^-^ 

^ t\k\e 
= S{i/t,t) 

f(-l)^-i ^ = t or £ = 2t, t odd or p odd.) 
1 otherwise. 

For G{kq) = G{kr/t,p,£t/k) with t\k\£ we have 

k = £or k = e/2,podd 



c{G{kq)) = Ukq 
This shows that 

Xr = 



otherwise. 



If. 



£ odd; 
leg, p, £ even; 

Jeq-Iqe/2, ^ even, p odd, 
as required. 

(b) For G = G{r,r,£), ^ > 1, by Proposition P = Ti U Ts, defined in 
dPD. For d G Ti, we have G{d) = G{dr/z,r,£z/d), and for d € Tg, 
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G{d) = G{kr,l,{£ — l)/k). Since z = gcd{r,i), we have z € Ti, and 
z € T2 if and only if z = r. 



') 



az = z'^fj,{z,d) 



ujd) 



uizl 
\{z) 

i-iY- 



+ z n{z,d)^^+z ix{z,kr) 



d&Tx-{z} 



^^z{{i-l)r-l) z 



fcreT2-{2} 

,d 



u{kr) 
i{kr) 



+ 7 E + 



l{i-l)r 



1^1 



z 



U-l)r 



Y: M-,A:r)(-l)(^-i)A-i 



(-1) 



l)r 



+ Si£/z,z) + 



{£-l)r 



-l)/k- 



Note that if 2; 7^ r then fi{z, r) = —1 and fi{z, kr) = for ah 1 7^ k\i!. — 1 
whereas if 2; = r then /i(z, kr) = fi(kr/z) = ^{k). So we have 

c{G) = S{£/z,z) + 5,rS{l -1,1) 

This means that c{G) = (—1)""^ where n = rk (G) iff 



2|r 



(r,£)/(2,2),(3,3) 
r odd 



(r,£) = (l,3) 



Otherwise c{G) = 0. Note that c(G(2, 2, 2)) = agrees with the state- 
ment since G(2, 2, 2) is reducible. Also observe that if G = G{r,p, £) is 
a rank 2 irreducible, we obtain c{G) = — 1 as was predicted in Section ^. 
This includes the case of the rank 2 irreducible G{1, 1,3) = 5*3. 

To compute xr, it remains only to find a^, for d T>. If d G Ti, by 
part (a). 



ad = c(G(^,r, ^)) 



For d G T2, 



(-1)^-^ d = £, or d = ^/2, r odd; 
otherwise. 



i -I 

ad = c{G{kr, 1, — ^)) 



1 d=i£-l)r; 

-1 d = r{e-l)/2,£odd] 

otherwise. 



The expression for xr in (b) follows. 
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# 


xr 


# 


xr 


3 


Ir 




13 


h2 — h 




4 


h + h- 


h 


14 


hi — h 




5 


Ii2 — h 




15 


-h2 




6 


lu — h 




16 


ho + ho 


-ho 


7 






17 


ho — ho 




8 


lu + h - 


-h 


18 


ho — ho 




9 


hi — h 




19 


—ho 




10 


hi — h2 




20 


ho + h2 


-h 


11 


—hi 




21 


ho — h2 




12 


h + h- 


h 


22 


ho + h2 


-h 



Figure 1. xr for G3 and rank-2 exceptional 



# 


Xr 


# 


Xr 


23 


ho + h 


28 


h2 + h — h — h 


24 


hi + h 


29 


ho — h 


25 


h2 + h — h 


30 


ho + ho + h2 — ho — h — h 


26 


hs 


31 


hi + ho — h2 — h 


27 


ho 


32 


ho + hi — h2 



Figure 2. xt ^01 exceptionals of rank 3 and 4 



# 


rank 


xr 


33 


5 


-^18 + -^10 


34 


6 


Ii2 — h 


35 


6 


h2 + h — h - h 


36 


7 


ha + hi 


37 


8 


ho + hi + ho — h2 — ho — h 



Figure 3. xr for exceptionals of rank > 5 



7. ORBIFOLD EULER CHARACTERISTICS 

The orbifold Euler characteristic of a space X under the action of a group 
G is defined to be 

[9] 

where the sum is taken over all conjugacy classes of G. 

The orbifold Euler characteristic of the Milnor fibre F under the action 



of a G X Cm can be expressed in terms of the integers {a^} from ( 3.14 ), and 
we include its calculation here as an example. 



16 



GRAHAM DENHAM AND NICOLE LEMIRE 



Lemma 7.37. For any reflection group G, 

dev 

Proof. We have a disjoint union U = Udef ^ ' The claim fohows 

by Proposition 3.12, Lemma 4.26, and the definition = x{U{d)°) /G{d). 



I 



Theorem 7.38. Let G he a reflection group, f an unreduced discriminant 
polynomial of degree m, and F its Milnor fibre. The orhifold Euler charac- 
teristic of F with respect to T = G x Gm equals 



dad, 



the notation of Section |^. 
Proof. For a regular pair {g,C), '^^ 

have F^9,C)/c{gX) = U^/Gcig). Recall 
that if (g, (") is not a regular pair, then the set of fixed points is empty, so we 
need only consider a sum over conjugacy classes of regular pairs in G x Gm- 



Using Lemma |3.8| , there are 4>{d) conjugacy classes of regular pairs of 
order d, for each regular number d. So we have 

x{F^'''^^/C{gX)) 

[(9,0] 



mxiuyGcig)) 

den 



den 



dev d'\d 



dev 



dOfi 



where the second equality follows from Lemma [7.37| together with Lemma p.9| 



I 



Remark 7.39. By way of comparison, the ordinary or orhifold Euler char- 
acteristics of F/T are equal to the image of xr under homomorphisms from 
the character ring ofTtoZ that take Id to 1, or to d, respectively. 

8. Concluding remarks 
This investigation leaves the obvious open question of whether Theo- 



rem 3.15 could be proven in a more conceptual way. Our proof depends 
on knowing (co) degrees and regular numbers for each group, which are not 
reflected in the simplicity of the statement. 

We also note that T = G x Gm is not the most general group for which 
these calculations make sense. In general one should replace G by N{G), 
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the normalizer of G in UiV), and Cm by A = Cm xi Gsl{Km/K), where 
K is the splitting field for N{G) and Km is the extension of K containing 
all mth roots of unity. Note that Gsli^Km/ K) is a finite group of order 
dividing (f){m) which acts on C by inflation to Gal(C/K), since Km/K is a 
Galois extension. This action can be extended to a diagonal action on C" 
which stabilizes F = 5~^{1) since the coefficients of 5 lie in K. Note that 
Gsl{Km/ K) n Cm = 1 and that Gal(Kin/K) normalizes Cm- The actions of 
Gsl{Km/ K) and N{C) on F commute by construction. It may be interesting 
to examine the A-module structure of the equivariant Euler characteristic 
XA- It is probable that an answer would involve Springer's twisted regular 
numbers. 
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